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Single- vs Multilayer Plate Modelings on the Basis
of Reissner’s Mixed Theorem

Erasmo Carrera®
Politecnico di Torino, 10129 Turin, Italy

The use of Reissner’s mixed variational theorem (Reissner, E., “On a Certain Mixed Variational Theory and a
Proposed Applications,” International Journal for Numerical Methods in Engineering, Vol. 20,1984, pp. 1366-1368;
Reissner, E., “On a Mixed Variational Theorem and on a Shear Deformable Plate Theory,” International Journal of
Numerical Methods in Engineering, Vol. 23,1986, pp. 193-198) to analyze laminated plate structures is examined.
The two cases of single-layer and multilayer models have been compared. Governing equilibrium and constitutive
equationshave been derived in a unified manner. Navier-type closed-form solutions are presented for the particular
case of cross-ply simply supported plates. Thin and thick, as well as symmetrically and asymmetrically laminated
plates, have been investigated. Displacements and transverse stresses have been evaluated and compared with
available mixed two-dimensional results and three-dimensional solutions. The following have been concluded: 1)
Reissner’s mixed theorem is a very suitable tool to analyze laminated structures. 2) Multilayer modelings lead
to an excellent agreement with exact solution for both displacement and transverse stress evaluations. Such an
agreement, which has been confirmed for very thick geometries (a/h < 4), does not depend on laminate layouts. No
remarkable differences have been found for stresses evaluated a priori by the assumed model with respect to exact
results. 3) Single-layer analyses lead to an accurate description of the response of thick plates. Major discrepancies
have been found for very thick plate geometries with exact solutions. Nevertheless, their accuracy is very much
subordinate to the order of the used expansion as well as to laminated layouts. Better transverse stress evaluations
are obtained upon integration of three-dimensional equilibrium equations a posteriori than those furnished a

priori. This trend has been confirmed for both thick and thin plates.

I. Introduction

TARTING from the early works by Murakami' and Toledano

and Murakami,>™* the use of Reissner’s mixed variational theo-
rem (RMVT)’ 6 has played an increasingrole in the field of accurate
modelingof multilayeredplates’ !° and shellstructures.'! !5 Asthe
main task, RMVT permits one to assume two independent, piece-
wise continuous fields for displacements and for transverse shear
and normal stresses. As amply discussed by the author/ RMVT can
be applied in both single-layer models [or equivalent single-layer
models (ESLM)] and multilayers [or layerwise models (LWM)].
ESLM preserve the independence of the number of the independent
variables from the numbers of the N, layers, whereas the num-
ber of the unknown variables remains N; dependent in the LWM.
From a computational point of view, LWM result in being more
expensive than ESLM. Normally, ESLM applications are in fact
preferred to solve practical problems involving composite materials
where the number of constitutive layers can be very high. ESLM
are also preferred in problems that involve nonlinear calculation, for
instance postbuckling analysis of plate and shell structures. Single-
layer models lead to a set of constitutive equations, the number of
which is N; dependent (see Sec. V). From this point of view, to
call them single layer does not seem very appropriate. Their use
can, however, be justified by the fact that the stress variables can be
eliminated in the numerical solution process.

Examples of RMVT applicationto laminated plates in the frame-
work of the single-layer model were presented in Refs. 1 and 3.
Through-the-thicknes linear in-plane displacement field was as-
sumedin Ref. 1. A zigzag function(see Sec. III.A) was introducedto
reproduce the discontinuity of the first derivativein correspondence
to each layer interface. Transverse normal stresses were neglected,
and transverse shear fields were assumed to be parabolic in each
layer. The obtained results that were related to cylindrical bending
of cross-ply, symmetrically laminated plates showed improved de-
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scription of the in-plane response with respect to first-order shear
deformationtheory. Extensionto cubic displacementexpansion was
subsequentlyconsideredby Toledanoand Murakami.? Fourth-order
transverse normal and shear-stress fields were then implemented.
Better resultsthan those in Ref. 1 were obtained,and applicationsto
asymmetrically laminated plates were presented. Transverse shear-
stress results were not quoted in Ref. 3. Shell applications of the
theory in Ref. 1 were developedby Bhaskar and Varadan!! and Jing
and Tzeng.!? Bhaskar and Varadan'! underlinedthe great limitation
of transverse shear stress a priori evaluated by the assumed model.
Finite element applications of the mentioned model have also been
developed. Linear analysis of thick plates was discussed by Rao
and Meyer-Piening.!® Linear and geometrically nonlinear static and
dynamic analyses were considered by Carrera and coauthors.!7 2!
Partial implementation to shell elements was proposed by Bhaskar
and Varadan? and Carrera and Parisch.?

The limitations of single-layer analyses were known to Toledano
and Murakami,? who applied RMVT in the field of a multilayers
models. A linear in-plane displacement expansion was expressed
in terms of the interface values in each layer, whereas transverse
shear stresses were assumed to be parabolic. The accuracy of the
resulting theories was layoutindependent. Transverse normal stress
and the related effects were discarded, and the analysis showed
severe limitations in the analysis of thick plates. A more compre-
hensive evaluation of multilayer theories for the case of linear and
parabolic expansions was considered by the authorin Ref. 9, where
applications to the static analysis of plates were presented. Subse-
quent works extended the analysis to the dynamics case'® and shell
geometry.!* 1 In Ref. 9 the author showed that RMVT leads to a
quasi-three-dimensimal descriptionof the in-plane and out-of plane
response. In particular, transverse stresses were determined a priori
with excellent accuracy.

From the preceding literature overview, the relevance of RMVT
as a tool to analyze multilayered structures appears evident. For the
sake of brevity, a comparison to other available approaches to lam-
inated structures is not included in the present paper. Those readers
who are interested can refer to the just-mentioned papers and to
the recent book by Reddy.?* In comparison to the very interest-
ing and recent works by Cho and Parmerter® and Lee et al.,” the
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mixed ESL theories herein proposed describe interlaminar contin-
uous transverse normal stresses o, .

In spite of the remarkable number of previously mentioned re-
search works, there is no available analysis in which an extensive
comparison of multilayer vs single-layer modelings, formulated on
the basis of Reissner’s theorem, is presented. The author is con-
vinced that such a comparison is of prime interest for the struc-
tural analyst of multilayered structures. For instance, the number
of the constitutive layers can be very high (10, 20, 30) in compos-
ite applications; as a consequence, the number of the independent
variables can be very different for ESLM than for layerwise (LW)
implementations. From this point of view, the knowledge of the ac-
curacy of different theories could offer the analyst the possibility of
weighing the costs of using a certain number of unknown variables
to be used in the calculation with respect to the related accuracy.
This is afundamentalinformationin practical problems. Such infor-
mation becomes essential for computational application as well as
nonlinear analysis when the computation cost becomes prohibitive.
The aim of the present work is directed toward removing this
absence.

In this paper the use of RMVT is established in a form that is
suitable for both multilayer and single-layeranalysis. Displacement
and transverse stress fields, as well as governing equations, have
been written in a unified manner. To make a comprehensive numer-
ical comparison, several new single-layer and multilayer theories
have been implemented. Attention has here been restricted to plate
geometry.

II. Preliminary

The geometry and coordinate system of the laminated plates of
N, layers are shown in Fig. 1. The integer k, which is extensively
used as both subscriptand superscript,denotes the layer number that
starts from the plate bottom. x and y are the plate middle surface {*
coordinates.T* is the layerboundary on £&*. z and z; are the plate and
layer thickness coordinates; & and &, denote plate and layer thick-
ness, respectively. § =2z;/ h; is the nondimensioned local plate-
coordinate; A; will denote the k-layer thickness domain. Symbols
not affected by k subscript/superscripts refer to the whole plate.

The lamina are supposed to be homogeneous and to operate
in the linear elastic range. Stiffness coefficients are employed
in standard form of the Hooke’s law for the anisotropic k lam-

ina. It reads o; =C;;€; where sub-indices i and j, ranging from

1 to 6, stand for the index couples 11,22,33,13,23, and 12, respec-
tively. The material is assumed to be orthotropic as specified by

614 =Cz4 =C34 =C(,4 =Cl5 =Cz5 =C35 =C(,5 =0. This 1mphes

that o, and o}, depend only on €}, and €. In matrix form

~k ~k ~k ~k
OJI;H = CppEJI;G + Can];G’ OJ;H = CanJl;G + CnnEﬁG (1)
where
~k ~k ~k ~k
Cll C12 C16 . C13
= ~k ~k ~k # ) ~k
CJl;P = C12 C22 C26 ’ CJl;“ =CJ1(1P =10 0 CZ?
~k ~k ~k ~k
C16 C26 C6 C?
~k ~k
C44 C45 0
) ~k ~k
CJ‘;“ = 45 CSS 0
0o 0 C

Bold letters denote arrays. The superscript 7' signifies array trans-
position. The subscripts n and p denote transverse (out-of-plane,
normal) and in-plane values, respectively. Therefore,

ot ={ot, o, o ), ot ={o*, ot ot}

xx? Tyy? Uxy xz? Tyz? Tzz

k _ [k gk k _ [k gk gk
Ep - {Exx’ Eyy’ Exy }’ En - {Exz’ Eyz’ EZZ}
Subscript H denotes stresses evaluated by Hooke’s law, and sub-
script G denotes strain from the geometrical relation equation (3).
Equation (1) is used in conjunction with a standard displacement
formulation, whereas, for the adopted mixed solution procedure,
the stress-strain relationships are conveniently put in the following
mixed form:
_ ok gk k ko _ ok k k
OJI;H - CppEpG + Cpno-ﬁM’ EnH - CanpG + Cnno-ﬁM (2)
where both stiffness and compliance coefficients are employed. The
subscript M states that the transverse stresses are those of the as-
sumed model in Eq. (12) (see the next sections). The relation be-
tween the arrays of coefficients in the two forms of Hooke’s law is
simply found:

_ Y b o=t
S A e

_1 -1
¢ =-c, C ¢, =C,

np nn np? nn

Superscript —1 denotes an inversion of the array.

Fig.1 Multilayered plate.
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The strain components E’]‘), €* are linearly related to the displace-

ments #* ({u}, u}, ut}), according to the following geometrical re-
lations:
€. =D, €, =D 3

D, and D, denotes in-plane and out-of-planedifferential operators:

o, 0 O 0. 0 o,
D,=|0 a3 o] D,=|0 o a
3, 9 0 0 0 o

ITII. Single-Layer Theories or ESLM

The Reissner’s mixed variational theorem permits one to assume
two independent fields for the displacement and transverse stress
fields.

A. Displacement Field

By referring to the Murakami idea,' the zigzag form of the dis-
placements fields can be reproduced in an equivalent single-layer

z

Linear Case

O Interfaces

description. Such an idea consists of adding a zigzag term into a
classical Taylor-type expansion in the thickness plate direction of
the unknown displacements in the neighborhood of the reference
plate surface Q (Fig. 2a). The displacementmodel in Refs. 1 and 3
is herein written in the following generalized form:

u=uy+(-D'Guz +z'u,, r=12...,N 4
N 1is a free parameter of the model. The repeated indices r are
summed over their ranges. Subscript 0 denotes values related to
the plate reference surface €2, whereas subscript z refers to the in-
troduced zigzag term. Higher-order distributions in the z direction
are introduced by the r polynomials. To give a unified form for the
assumed models, the same notations that will be employed in the
layerwisedescriptionshould be convenientlyusedin Eqgs. (4), which
are therefore rewritten as

u=Fu, + Fu, + Fu, = Fu,
T =tb,r, r=1,2,...,N (5)

Subscript b denotes values related to the plate reference surface Q2
(u, = uo), whereas subscript ¢ refers to the introduced zigzag term
(u, = uy). The functions F, assume the following explicit form:

zZ

Higher Order Case

Fo N

a) Multilayer

Az

Linear Case

Higher Order Case

V¢ Zig-zag
= ~Function

O Interfaces
Displacement Fields without Zig-zag Function Contribution

b) Single layer

Fig.2 Fields assumed in the thickness plate directions.
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F, =1, F. =7 r=1,2,...,N

(6)

F =(=D'G,

To notice that F, assumes the values *1 in correspondenceto the
bottom and the top interface of the k layer (Fig. 2a), u, is taken
constantin Egs. (5). This fact consists of the fundamental limitation
of the considered single-layer models.

B. Transverse Stress Field

The thickness expansion used for displacement variables in
Eqgs. (5) is not suitable for transverse stresses: for instance, homo-
geneous top-bottom plate surface conditions could not be imposed.
Therefore, transverse stresses are herein described by means of a
layerwise description'-3:7+%:

O'ﬁM=F,O'ﬁI+F;,O'ﬁb+F,O'ﬁr=FTO'ﬁT

T=t,b,r, r=2,3,...,N, k=1,2,..., N, 7)
In contrast to Egs. (5), subscripts ¢ and b denote values related to
the layer top and bottom surface, respectively. They consist of the
linear part of the expansion. The thickness functions F,(¢;) have
been defined by

F, =(Py + P)/2,

F,=(P,—P)/2, F, =P, —P,_,

r=2,3...,N (8

in which P; = P;(,) is the Legendre polynomial of the j order
defined in the § domain: —1 <¢, <1. A fourth-order case will be
used in the numerical investigations;related polynomials are

Py =1,

P =&, P2=(3Ck2—1)/2

Py =(55)/2) = (34/2), Py =(3541/8) — (1547 /4) + 3

The chosen functions have the following properties:

[ 1 F=1, F, =0, F, =0 ©
%= -1 F, =0, F, =1, F.=0

The top and bottom values have been used as unknown variables.
The interlaminar transverse shear and normal stress continuity can
therefore be easily linked:

o =0 ", k=1,N~1 (10)

In those cases in which top/bottom-shell stress values are prescribed
(zero or imposed values), the following additional equilibrium con-
ditions must be accounted for:

|
o-nh_ nb»

oy = O (n
where the overbar is the imposed value in correspondence to the
plate boundary surfaces. Examples of linear and higher-order fields
have been plotted in Fig. 2b.

IV. Multilayer Theories or LWM

Multilayer modelings were mainly proposed to remove the in-
dependence of the zigzag amplitude u; by the layer. Layerwise
fields are assumed for both displacement and stress variables as in
Egs. (7):

ut = Fu* + Ful + Fut = Fab, T=tb,r
r=2,3,...,.N
O‘ﬁM =F,O‘fn+ F,,O‘f]b + F,O'f“ =FTOJ:”, k=12,...,N,

(12)

In addition to Egs. (10), the compatibility of the displacement
reads

k _ (k+1)
¢ = Uy ’

u k=1,N -1 (13)
Equations (12) refer to the same order of expansion for the three
components of #* and 0,. To meet well-known results from the
literature (see, for example, Refs. 27 and 28 or the author’s discus-
sion reported in Refs. 7 and 8), different polynomial orders should
be used in developments that are presented in the subsequent sec-
tions. Trace operatorsthat would lead to a shorteningof the resulting
arraysin Egs. (19) and (20) could be introduced for this aim. For the
sake of brevity, the results related to these aspects have not been dis-
cussed. These could be more convenientlyreported in future works.

V. Governing Equations

Equilibrium and compatibility are both formulated in terms of
the u* and 0% unknowns via RMVT?-%:

Ny

T T
S| | [ocect+ seet
oAy

k=1
+ 604 (€5 — €4 ] d2 dz = sL° (14)

8 is the variational symbol. The left-hand side (LHS) includes the
variations of the internal work in the plate: the first two terms come
from classical displacement formulation, and they lead to varia-
tionally consistent equilibrium conditions; the third mixed term
variationally enforces the compatibility of the transverse strain
components.

A. Multilayer Case

Upon substitutionof Egs. (2), (3), and (12) and by integrating by
parts, the RMVT leads to governing differential equations in terms
of the introduced stress and displacement variables.

First, the multilayer modelings are considered. This leads to the
equilibriumand constitutivegoverningequationsin the each k-layer
domain €. In compact form

k. kts_ k kTs .k . kts_ k kTs _
5”7' Kuu us‘ + Kuo' o‘ﬁs _p‘r’ 50-]:17' Ko'u us‘ + Ko'o' o‘ﬁs - 0

(15)

with boundary conditionson T'*,

=it or TEUWh+ TERoh =TEa + TE"0%, (16)
The further subscript/superscripts =1, b, r has been introduced in
order to distinguish the terms related to the introduced variables
from those related to their variations. The introduced differential
operators are

KL(;& — _DTzk‘m'Dp’

ks _ _ T 7kts _ T
ppp Kucr - Dprn + ET:SI ETA&'Dn!l

kts kts kts kts
K =E. Do+ E. I -Z'D,, Ko = -2t

IL” =1,Z"D,, I =77 + E. I}, a7
where

1 00 1 00 0 0 1
I=|0 1 0|, I,=|010| ILe=|0 01

00 1 110 000

The integrationin the thickness coordinate has been a priori carried

out as usual in two-dimensional modelings. The following layer-
stiffnesses and integrals have been introduced:

kes gkes gkts gktsy _ ek ok

(Z ) ZT& ZT& Z“;X) _(C C

pp > “pn > Tnp pp’> ~pn’

. Ct)E.,

(E];m E‘rzm E”:) =[ (FTFY’ F‘r; F, FTFY:) dz (18)

Ak
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Further, subscriptz denotes differentiationin the plate thickness co-
ordinate. Explicit forms of the governing equations for each layer
can be written by expanding the introduced subscripts and super-
scripts in the previous arrays, as follows:

k=1,2,...,N; T =t,rb, s=t,rb, r=2,...N

The governing equations have been considered to be indepen-
dent for each k layer. Interlaminar continuity at Egs. (10), (11), and
(13) can be enforced by writing the governing equations from a
layer to a multilayered level. This procedure has been detailed in
Refs. 7 and 9. At the very end the multilayer equations are formally
written

Kuuu + Kuo'o-n =p +p,,1,N’a Ko'uu + Ko'o'o-n =P<1,N’ (19)

with boundary conditions

ILu + IL,o, =ILa + 11,0, (20)

p¥ and p!M are the arrays obtained from the transverse stress val-
ues imposed at the top/bottom of the plate Eq. (11). The dimen-
sions of the preceding multilayered arrays are given next: u, p, p.V
have M, =3(N; + 1) + 3(N — 1) N, elements; whereas 0, p! have
M, =M, — 6 elements; K,, and I'l, have M,-rows X M, -columns;
K, and I'T; have M, -rows X Ms-columns; K, has M,-rows X M,,-

columns; and K, has M -rows X M -columns.

u=u or

B. Single-Layer Case

The unified notationintroducedin Sec. III permits one the deriva-
tion of the governingequationsrelated to single-layermodelingsin a
way exactly coincidentto that used for multilayer case. The equilib-

riumand compatibility governingequationstake the following form:
Gu: Kifu, + K905 =p,, 80 K5Su, + KA ot =0

2D

with boundary conditions

u, =i, or I u +IE*c* =TF"a, + [E*0* (22
Displacement variables are not affected by the layer superscript
k. Related arrays do not change dimensions when the equations
are written at the multilayered level. In fact, these arrays simply
accumulate layer-by-layer contributions when interface compati-
bility Eq. (13) is enforced. Interlaminar stress continuity can be
imposed as for the multilayer case. Resulting multilayer equations
take the same form of those depicted in Eqs. (19) and (20). The

Table 3 Effect of orthotropic ratio on transverse displacement and

transverse shear-stress evaluations: comparison to three-dimensional

analysis by Noor and Burton®!2
N
S x (1] P

U, X(ET/ PZI,V’h)

Ei/Er 3 10 30 3 10 30
Exact t 1459 9331 6.227 —— 1185 1.171 1.141
b 14.17 8929 5838 —8 — —_— —_—
LW-1 t 1559 9326 6.215 3D 1183 1.170 1.139
b 14.17 8923 5.827 M 1.173  1.162 1.133
LW-2 t 1559 9.221 6277 3D 1185 1.171 1.141
b 14.17 8929 5.838 M 1.185 1.170  1.138
LW-3 t 1559 9331 6.227 3D 1185 1.171 1.141
b 14.17 8929 5.838 M 1.185  1.171 1.141
ESL-1 t 1285 8.191 5593 3D 1.195 1.194 1.189
b 12.44 8586 5.210 M  0.8202 0.8194 0.8172
ESL-2 t 1458 8992 5704 3D 1.197 1.199 1.209
b 14.16 8.590 5.316 M  0.8477 0.8241 0.8091
ESL-3 t 1503 9584 6360 3D 1.180 1.167 1.136
b 14.62 9.086 5.841 M 1.182  1.182  1.167

ATen-layered plates with a/h = 5. Material data: Gy7/Ey = 0.5, Grr/Er = 0.35,
vrr = 0.3, and vy = 0.49.

Table1 Maximum transverse displacement U, X 100 (E Th3/P27’ a*) for a plate in cylindrical bending: comparison of present
analyses to exact solutions and to other single-layer and multilayer analyses

Case a: symmetrically laminated plates

Case b: asymmetrically laminated plates

alh=4 alh=06 alh=4 alh=6
N 3 5 9 3 5 9 4 8 4 8
Exact?’ 2.887 3.044 3.324 1.635 1.721 1.929 4.181 3.724 2.556 2.224
Multilayer theory LWM
Ref. 2 2.907 3.059 —_— —_— 4.202 —_— e —_—
LW-1 2.791 3.005 3.316 1.599 1.707 1.926 4.163 3.722 2.542 2.219
LW-2 2.891 3.048 3.324 1.635 1.721 1.929 4.181 3.730 2.556 2.231
LW-3 2.887 3.044 3.324 1.635 1.721 1.929 4.181 3.730 2.556 2.223
Single-layer theory ESLM
Ref. 1 2.907 3.018 3.231 1.636 1.702 1.875 3.316 3.225 2.107 1.934
Ref. 3 2.881 3.032 3.313 1.634 1.716 1.921 4.105 3.625 2.519 2.181
ESL-1 2.904 3.014 3.226 1.634 1.699 1.871 3.300 3.214 2.095 1.975
ESL-2 2.831 2.964 3.194 1.602 1.681 1.862 3.478 3.231 2.195 1.993
ESL-3 2.881 3.032 3.313 1.634 1.716 1.921 4.102 3.630 2.514 2.180
Table2 Comparison to 3D analysis by Pagano and Hatfield*® on transverse shear stresses Sy, X h/PZ’ a evaluated
at z =0 for three- and nine-layered plates
N =3 N =9
alh 2 4 10 20 100 2 4 10 20 100
Exact —_— 0.153 0.219 0.301 0.328 0.339 0.204 0.223 0.247 0.255 0.259
LW-1 3D 0.164 0.229 0.304 0.329 0.339 0.196 0.223 0.247 0.255 0.259
M 0.167 0.229 0.302 0.326 0.336 0.193 0.220 0.245 0.255 0.257
LW-2 3D 0.154 0.219 0.301 0.328 0.339 0.204 0.223 0.247 0.255 0.259
M 0.155 0.221 0.302 0.328 0.339 0.204 0.223 0.247 0.255 0.259
LW-3 3D 0.154 0.219 0.301 0.328 0.339 0.204 0.223 0.247 0.255 0.259
M 0.154 0.219 0.301 0.328 0.339 0.204 0.223 0.247 0.255 0.259
ESL-1 3D 0.155 0.219 0.300 0.327 0.338 0.220 0.222 0.244 0.254 0.258
M 0.159 0.228 0.315 0.344 0.355 0.146 0.143 0.155 0.162 0.165
ESL-2 3D 0.153 0.219 0.302 0.328 0.338 0.221 0.221 0.244 0.254 0.259
M 0.147 0.217 0.303 0.331 0.342 0.125 0.138 0.156 0.163 0.167
ESL-3 3D 0.149 0.217 0.301 0.328 0.339 0.190 0.221 0.246 0.255 0.259
M 0.157 0.225 0.310 0.339 0.350 0.197 0.232 0.259 0.269 0.273
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unique difference is related to the M, dimension, which is now
N,-independent: M, =3(N + 2).

By employing the obtained constitutiveequations, the stress vari-
ables can be eliminated in the numerical solution procedures. The
problemis thereforereduced to displacementvariables whose num-
bers are N;-independent.

C. Closed-Form Solutions for Cross-Ply Laminated Plates

The boundary-values problem, governed by Egs. (19) and (20)
in the most general case of geometry, boundary conditions, and
layouts, could be solved by implementing only approximated solu-
tion procedures. The particular case, in which the material has the
propertiesC’lf, =Cy =C;5 =C,5 =0, hasherebeen considered, for
which Navier-type closed-formsolutions can be found by assuming
the following harmonic forms for the applied loadings and unknown
variables:

mmx nmwy
(uk ok, pt)y =D (UL S, PE)cos sin —2
k k _ k " " . mnx nmwy
(. Cf;f“, Py = Z Uy, S5, P;)sin ——cos
mmx nmwy
(. ok pt) = F (UL SL P sin == sin=2  (23)
zer Gz Pz, 22 Ve Lz P

m,n

where a and b are the plate lengthsin the x and y directions, respec-
tively, and m and n are the correspondent wave numbers. Capital
letters on the right-hand side (RHS) are correspondent maximum
amplitudes. On substitution of Egs. (23), the governing equations
assume the form of a linear system of algebraic equations. This
procedure has been coded, and the results are discussed in the next
section.

00 & ah=2, 3-Layers 001 ah=2, 9-Layers Eﬁgt _
0.005 0,005 [,
0 0
-0.005 -0.005
001 b 001
-0.015 -0.015 + . t . L
04 02 0 02 04
0.01 T T T T T 0.008 T T T T T
Exact — —
a/h=4, 3-Layers |_We_‘§t 3 ah=4, 9-Layers I.E‘fvagl e
0.006 K.
LW-2 -
ESL-3 —
0.005 0.004 ESL-2 —
ESL-1
0.002
0 ot
0002 ' %
)
1‘% 75"
0.005 -0.004 A
\\
kY
-0.006 %
001 . . . . . 0008 . . . : .
0.4 0.2 0 02 04 0.4 02 0 02 0.4
0.008 T T T T T 0.008 T — T T T
Exact — Bxadl —
=10, 3-Layers w3 —— = —
0006 ah=10, 3-Layers Lw-3 0.006 ah=10, 9-Layers LW:S
0.004 0.004
0.002 0.002
0 0
-0.002 0.002
-0.004 -0.004
-0.006 -0.006
0,008 . . \ ) . 0008 L— . . L .

04 0.2 0 02 0.4
Case a: symmetrically laminated plates

04 02 0 02 04

Fig.3 In-plane displacement U, X (E ThZ/PZ’ a®) vs z. Influence of thickness ratio.
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VI. Results and Discussion

Simply supported plates bend by a transverse bisinusoidal dis-
tribution of normal pressure applied to the top surface of the
whole plate pg’ ! are considered. The two problems for which three-
dimensional solutions are available have been discussed: cylindri-
cal bending in the x direction (m =1,n =0) and square plates
(m =n =1). Symmetrically, asymmetrically cross-ply laminated as
well as thin, moderately thick, and very thick plates have been in-
vestigated.In-plane and out-of-planestress and displacementresults
are discussed. Exception has been made for the Table 4 analysis in
Ref. 29, where the following mechanicaldata of the lamina are used:
E;, =25X10°psi, E; =1 X108 psi, G, 7 =0.5 X100 psi,Grp =
0.2 X 10° psi, v, 7 = vy =0.25; and where, following the usual
notation* L signifies the fiber direction, T’ the transverse direc-
tion and v, 7 is the major Poisson ratio. The material is assumed to
be square-symmetric,and consistent units are referred to.

Four cases of multilayer theories have been considered in
Eq. (12). Linear LW-1, parabolic LW-2, cubic LW-3, and fourth-
order LW-4 expansion for u* and 0% . LW-1 and LW-2 were already

considered in Ref. 9, whereas LW-3 and LW-4 have been imple-
mented in this paper. The LW-1 case does not allow the fulfillment
of the homogeneous transverse shear stress conditions on the bot-
tom and top of the plates. This fact could lead to poorer results for
plates with low N, values.”-!°

Three cases of single-layer expansions have been implemented
and are denoted by the acronyms ESL-1, ESL-2, and ESL-3 in the
subsequent tables and diagrams. These are, respectively, related to
linear, parabolic,and cubic u fields and parabolic,cubic, and fourth-
order 0% fields. o, were notincludedin the early ESL-1-type theory
by Toledano and Murakami.> The ESL-2 case has been proposedin
the presentanalysis. The ESL-3 model coincides with that presented
in Ref. 3. Evaluations of transverse shear stresses were not quoted
in Ref. 3.

Table 1 compares the transverse deflection of the midplane for
thick plates under cylindricalbending. Cross-ply symmetrically and
asymmetrically laminated plates (with equal thicknessin eachlayer)
have been considered. The results related to the present analysis are
compared to the exact solutions by Pagano® and to other available
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Case b: asymmetrically laminated plates

Fig.3 In-plane displacement U, X (E ThZ/P?:’ a?) vs z. Influence of thickness ratio (continued).
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single-layer and multilayer results. Good accuracy has been found
compared to the considered single-layerand multilayer results. The
multilayer analysis matches the exact solution for both values of the
considered thickness ratio with excellent accuracy. Such accuracy
is confirmed for both symmetrically and asymmetrically laminated
plates. Furthermore, the convergence rate related to the increasing
orderin the used expansion for u* and 0¥ increases with an increase
in the number of the N, layers. Quite different behavior has to be
registered for the single-layer results. ESL-1 and ESL-2 work bet-
ter for symmetrically laminated plates. ESL-2 and ESL-3 results
show the effectiveness of parabolic terms in the u expansion for
asymmetrically laminated plate analysis.
Transverseshear-stressevaluationsare consideredin Table 2. Two
N, values and very thick (a/ h =2) and thin (a/h =100) plates
have been investigated> The stress values computed a priori in
Eqgs. (12) and a posteriori by integration of the three-dimensional
indefinite equilibrium equations have been depicted by model (M)
and a posteriori (3D), respectively. The conclusions drawn from an

03 T T T T T
al=4, 30, &-Layers o
ESL3 ~m
0% ESL2 —
‘ ESL1 —
02t/ 3\
015
o1t
005
oL . . . .
04 02 0 02 04

03

analysisof Table 1 can be extendedto transverseshear stresses. It can
be confirmed® that multilayer analyses lead to a priori evaluations
of stress that are in excellent agreement with the exact solutions.
The superiority of shear stresses evaluated 3D compared to those
computed directly from the M must still be confirmed.!!-!

These stresses are inaccurate even though thin plates have been
investigated. The superiority of the multilayer analysis compared
to single-layerones is evident for very thick plate cases. The effect
of the orthotropic ratio E;/E; has been investigated in Table 3
(Ref. 31) for both transverse displacement (top and bottom plate
values are quoted) and transverse shear stress values (both 3D and
M values are given). Most of the comments made for the preceding
analysis can be extended to the Table 3 results. The accuracy of both
LW and ESL analyses is not even slightly affected by £,/ E7. This
is a fundamental property of two-dimensional multilayered plate
models thatincludezigzag effects and fulfill interlaminarequilibria.

A large investigation has been conducted to compare single-
layer vs multilayer models for various geometrical parameter and
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Fig.4 Transverseshear stress S, (h/PZ’ a) vsz. Comparison between values computed from the assumed model (M) and values obtained by integration
of three-dimensional equilibrium equations (3D). Symmetrically and asymmetrically laminated plates.
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Fig.4 Transverseshear stress S, (h/PZ’ a) vsz. Comparison between values computed from the assumed model (M) and values obtained by integration
of three-dimensional equilibrium equations (3D). Symmetrically and asymmetrically laminated plates (continued).

laminated layouts. Some of the most interesting, thoughnot exhaus-
tive, results are presented in Figs. 3-5, in the form of diagrams. All
of the figures show the distribution of amplitudes of stress and dis-
placements (as the ordinate) vs the plate thickness directionz/ & (as
the abscissa). The plate considered by Ref. 30 has been dealt with.
Where not available, the exact solution has been considered to be
coincidentto the LW-4 results.

The influence of N, on the in-plane displacement is analyzed
in Fig. 3. Moderately thick (a/ h =10) and very thick (a/h =2)
plate geometries have been investigated. The LW-3 results coin-
cide everywhere to the exact solution; the LW-2 results are very
closed to the LW-3 analysis. The accuracy of the considered single-
layer models is subordinate to the N, and a/ h values. ESL-1 and
ESL-2 can be very inaccurate in predicting the in-plane response of
thick,asymmetricallylaminated plates with an increasingnumber of
layers.

The a priori and a posteriori evaluation of transverse shear stress
has been compared in Fig. 4. Symmetrically and asymmetrically
laminated plates have been considered for both transverse shear
and normal stresses. The thicknessratio is a/ h =4. The multilayer
models match the exact solution very well. The single-layer results
are less accurate than the displacement evaluations of Fig. 3. It can
be confirmed that a priori evaluations of transverse stresses based
on single-layer modelings can become ineffective. The thick, four-
layered plate has shown negative values of transverse shear stress
that correspond to the ESL-3 analysis. Furthermore, ESL models
are not effectivein furnishinga priori descriptionsof o;,. The use of
postprocessing,based on integration of a 3D indefinite equilibrium
equation is mandatory in this case, whereas LW models do not
require this postprocessing.

Very thick and thin nine-layered plates are considered in Fig. 5.
M, 3D, and transverse shear stress directly obtained using Hooke’s
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Fig.5 Transverse shear stress Sy;(h/P;'a) vs z. Comparison of values computed from the assumed model (M), values obtained by integration of 3D
equilibrium equations (3D), and values calculated directly from Hooke’s law (H). Symmetrically laminated nine layers thick and thin plates.

law (H) in Egs. (2) are compared. What was found in the Table 2
analysis can be confirmed: single-layer models do not furnish ac-
curate a priori evaluations of transverse stress fields even when
thin plates are considered. H evaluations show that Hooke’s law
associated to higher expansion can be very effective in the frame-
work of multilayer description. H evaluations are as inaccurate as
the M results, as far as single-layeranalyses are concerned.

VII. Conclusions

This paper has compared single-layer with multilayer theories
formulated on the basis of RMVT. The zigzag form of the dis-
placement fields as well as interlaminarequilibria for the transverse
stresses (including normal component) are included in the formu-
lations. A formalism has been introduced that has permitted the
derivation of the governing equations in a unified manner. Results
have been given for cross-ply laminated plates subjected to trans-

verse harmonic loadings. From the conducted analysis the following
main conclusions can be drawn:

1) It has been confirmed that the Reissner mixed variational is in
fact a valuable tool to analyze multilayered plates.

2) Multilayeranalyses furnish a quasi-three-dimensimal descrip-
tion of displacementand stress fields even when very thick plates are
considered (a/ h <4). Transverse stress evaluations do not require
any postprocessinga posteriori procedure such as the integration of
three-dimensional indefinite equilibrium equations. These stresses
are in fact computed a priori and with excellent accuracy using the
assumed models. Higher-order expansions have permitted accurate
stress evaluations directly from Hooke’s law.

3) The accuracy given by single-layer models is very much sub-
ordinate to the order of the used expansion in the displacementand
stress fields, to laminate layouts and to geometrical parameters. The
case of the cubic displacement field (ESL-3) has led to the best
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results. Better evaluations have been found for transverse stresses
calculated a posteriori than those furnished by the assumed model.
Such a posteriori evaluations are required even though thin plates
are considered.

It is the author’s opinion that single-layer models could conve-
niently be employed to analyze the response of moderately thick
(a/ h =10) and thick (4 <a/h <10) plates. Single-layer models
would be preferredin the framework of computational applications,
i.e., finite element implementions. Nevertheless, a finite element
formulation on the basis of multilayers theories, even though com-
putationally expensive,could serve as a sample to assess simplified
models (such as the single-layer analysis) for those problems in
which exact or approximated three-dimensional solutions are not
available or are difficult to obtain.
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